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2ABSTRACT
Magnetic flux ropes in space are generally connected to some regions electromagneti-
cally. We consider the whole closed current system of the expanding flux ropes including
the electric current associated with them. By combining the theories regarding the self-
similar expansion of cylindrical flux ropes and the Alfve´n wave current system, we examine
conditions under which the electric current matches. These matching conditions are sat-
isfied when the time dependence of the current flowing in the closed circuit agrees with
that which maintains the expanding flux rope. In consequence, we encountered three
possible forms of expansion. The two-step eruption of solar filaments may be interpreted
as a transition from one form of expansion to another. If this process works, increasing
the diffusion outside of the flux rope is necessary to trigger the transition.
31 Introduction
Magnetic flux ropes are magnetohydrodynamics (MHD) structures, in which the force-free
state of the magnetic field is almost maintained by the electric current flowing along the
field lines. They are often observed in eruptive prominences and cores of coronal mass
ejections (CMEs) in the field of view of space-borne coronagraphs (Gary and Moore,
2004; Patsourakos et al., 2013; Cheng et al., 2014; Joshi et al., 2014). While propagating
in interplanetary space, flux ropes expand with distance from the Sun (Burlaga et al.,
1981; Marubashi, 1986). Following the launch of CMEs, the magnetic structure measured
in space is identified with the flux rope arriving near the Earth (Lepping et al., 1990;
Dasso et al., 2007). While some doubts have been raised whether flux ropes exist before
eruptions (Panasenco et al., 2014), many alternative configurations transform into flux
ropes via reconnection at the start of the eruptive process (DeVore and Antiochos, 2000;
Aulanier et al., 2010).
The expansion of the flux rope has often been considered to be self-similar. The
technique of converting time derivatives into self-similar expansion parameters in MHD
equations was originally applied by Bernstein and Kulsrud (1965) and Kulsrud et al.
(1965) to supernova explosions. The self-similar approach simplifies the time-dependent
problems and makes them analytically tractable. Low (1982) found a class of spherical
self-similar solutions of the expanding solar corona. Kumar and Rust (1996) showed that
by assuming the total magnetic helicity is conserved a flux rope evolves self-similarly.
Gibson and Low (1998) used the same approach, and presented a theoretical MHD model
describing the time-dependent expulsion of a CME.
The models of the expansion of the cylindrical flux ropes can be categorized as either
expansions in all directions, called 3D expansions, or those that do not include an axial
expansion, i.e., only radial expansion, called 2D expansions (see Figure 1). Osherovich et
al. (1993; 1995) analyzed the MHD equations and found a class of self-similar solutions
for 2D expansions. They showed that for this class of self-similar solutions cylindrical flux
ropes continued to expand only when the polytropic index γ is less than 1.
Models of the 3D self-similar expansions for cylindrical flux ropes were developed
by Shimazu and Vandas (2002) and Berdichevsky et al. (2003). Shimazu and Vandas
(2002) showed theoretically that flux ropes continue to expand self-similarly in medium
of any γ. That is, 3D expansions are more applicable in space. Theoretical models (Chen
and Garren, 1993; Chen, 1996) and MHD simulations (Vandas et al., 1995; Wu et al.,
1997; Odstrcˇil and Pizzo, 1999; Vandas and Odstrcˇil, 2000) also showed that flux ropes
continued to expand when γ is larger than 1.
Flux ropes in space are generally connected to some regions electromagnetically unless
they are closed structures such as tori. For example, magnetic field lines of a flux rope
emerging from the Sun are often connected to the solar surface, and must close. The
field-aligned electric current flowing in the flux rope must also close. Hence, we must
consider the whole current system including the electric current flowing outside of the
flux ropes.
The total electric current flowing in the flux rope decreases for 3D expansions (Shimazu
and Vandas, 2002). Nevertheless, because it forms a closed circuit, the change in current
flowing in the flux rope, which is controlled by the expansion, should affect the exterior
4current in or around the Sun.
The flux rope expansion generates Alfve´n waves because the deformation of the mag-
netic field lines accompanies the expansion. The change in the field-aligned current also
generates Alfve´n waves, which carry an electric current. The current accompanied by the
Alfve´n waves compensates the decrease in current in the 3D expansion.
In previous studies of flux rope expansions (for example, Shimazu and Vandas (2002)),
the Alfve´n wave radiation and the electric current closure outside of the flux rope were
not considered. In this paper, the electric current accompanied by the Alfve´n waves
is considered. We examine the current matching conditions by combining the theories
underlying the self-similar expansion of flux ropes and the Alfve´n wave current system.
2 Results
2.1 2D self-similar expansion
Using a cylindrical coordinate system (r, θ, z) that moves with the flux rope, solutions
were sought to the MHD equations,
∂ρ
∂t
+∇ · (ρv) = 0, (1)
ρ
∂v
∂t
+ ρ(v · ∇)v = −∇P + 1
µ
(∇×B)×B, (2)
∂(Pρ−γ)
∂t
+ (v · ∇)(Pρ−γ) = 0, (3)
and
∂B
∂t
= ∇× (v ×B), (4)
where t is the elapsed time, ρ the mass density, v the velocity, P the pressure, µ perme-
ability, B the magnetic field, and γ the polytropic index. The z-axis is taken to lie along
the axis of the cylindrical flux rope; the solution is assumed to have no dependence on z
(r-dependence only) for 2D expansions.
Following the procedure described in Osherovich et al. (1995), we let f denote the
generating function of the self-similar parameter η, and y the evolution function of time.
The solutions of Equations (1), (3), and (4) for 2D expansions are then
vr = ηy˙, (5)
Bθ = (−ηf ′/2)1/2y−1, (6)
Bz = (2µSD)
1/2y−2, (7)
ρ = −D′η−1y−2, (8)
and
P = KDy−2γ, (9)
5where an overdot signifies the derivative with respect to time t, and a prime signifies the
derivative with respect to η, which satisfies
η = ry−1, (10)
D =
f + ηf ′/2
2µSχ
, (11)
and χ, S, and K are positive constants. The function f satisfies
f ′ ≤ 0 (12)
f + ηf ′/2 ≥ 0 (13)
and
(f + ηf ′/2)′ ≤ 0. (14)
We take K → 0 (low plasma beta value). Moreover, being most frequently used in
the description of a cylindrical flux rope, f is taken to be in the form
f = B21{J20 (α1η) + J21 (α1η)}, (15)
where J0 and J1 are Bessel functions of the first kind of orders 0 and 1, respectively, and
B1 and α1 are constants. Hence, the magnetic field of the 2D expansion model is given
by
Bθ = B0J1(αry
−1)y−1, (16)
Bz = B0J0(αry
−1)y−2, (17)
where
y = 1 + t/t0, (18)
and B0, t0, and α are constants.
2.2 3D self-similar expansion
We include the effects of an axial expansion (z-direction) as well as a radial expansion.
An additional self-similar parameter ξ is introduced by
ξ = zy−1. (19)
We assume that the radial expansion rate is the same as the axial expansion rate. The
solutions of Equations (1), (3), and (4), which satisfy
∂f
∂ξ
= 0 (20)
in the simplest case are given by
vr = ηy˙, (21)
vz = ξy˙, (22)
Bθ = (−ηf ′/2)1/2y−2, (23)
6Bz = (2µSD)
1/2y−2, (24)
ρ = −G′η−1y−3, (25)
and
P = KGy−3γ, (26)
where G is a function of η and ξ (Shimazu and Vandas, 2002).
With K → 0 and f as given in Equation (15), the magnetic field of the flux rope for
the 3D expansion is expressed as
Bθ = B0J1(αry
−1)y−2, (27)
Bz = B0J0(αry
−1)y−2. (28)
The expression for Bz is similar to the field solution in the 2D expansion model. The
difference in the dependence of Bθ on y (or t) stems from the volume increase in the axial
direction. This is the essential effect of the axial expansion. As is easily demonstrated,
the total electric current is conserved in the 2D expansion model, whereas the magnetic
helicity and the magnetic flux are not conserved. In contrast, the magnetic flux and
magnetic helicity in the flux rope is conserved in the 3D expansion model, whereas the
total electric current decreases with time (Shimazu and Vandas, 2002).
2.3 Alfve´n wave current system
We adopt Alfve´n wing theory for the electric current system generated by the Alfve´n
waves. This theory was developed originally to describe the interaction between a flowing
magnetized plasma and a conductor (Drell et al., 1965; Wright and Schwartz, 1990).
Consider a conductor moving across a uniform magnetic fieldB in a plasma with a velocity
v. The Alfve´n waves radiate from the polarization charges and carry an electric current
into the surrounding plasma. The magnetic field lines in the plasma act as transmission
lines for Alfve´n waves. The region through which the Alfve´n waves propagate is called
the “Alfve´n wing”. The theory of the Alfve´n wing was advanced largely in studies of
the electromagnetic coupling between the Jovian magnetosphere and the Jovian satellite,
Io (Neubauer, 1980; Goertz, 1980; Southwood et al., 1980). The Voyager and Galileo
satellites detected disturbances of the plasma velocity and magnetic fields associated with
the generation of the Alfve´n wing around Io (Acun˜a et al., 1981; Chust et al., 2005).
From the current continuity condition, the induced current J flowing in the conductor
and the Alfve´n wing is expressed as
J = |v ×B|a 2ΣIΣA
ΣI + 2ΣA
, (29)
where a is the length scale of the voltage or current generator, ΣI the conductance of the
conductor, and ΣA the Alfve´n conductance, which is related to the polarization current
flowing in the wave front (Hill et al., 1983). If v/VA  1, we have
ΣA ≡ 1
µVA
, (30)
7where VA ≡ B/√µρ is the Alfve´n velocity (Neubauer, 1980). Note that ΣA is finite, even
though the plasma conductivity is infinitely large. In addition, J remains finite, even as
ΣI tends to infinity; see Equation (29). We consider two extreme cases (Shimazu and
Terasawa, 1995): ΣI  ΣA, called an Alfve´nic case with
J = 2|v ×B|aΣA, (31)
and ΣI  ΣA a diffusive case with
J = |v ×B|aΣI . (32)
2.4 Combining the two theories
In this paper, we include the electric current associated with the flux rope and consider
the whole closed current system. We exclude isolated flux ropes that are not connected
elsewhere electromagnetically. Consider a flux rope expanding near the solar surface and
divide the whole closed current circuit into two regions (Figure 2): the expanding flux
rope and the connected region (region excluding the flux rope). The expansion of the flux
rope generates Alfve´n waves through the deformation of the magnetic field lines and the
change in the field-aligned current. The current flowing in the flux rope must close with
that carried by the Alfve´n waves.
This system is equivalent to an electric circuit (Figure 3) with ΣI representing the
conductance of the connected region, and ΣA the Alfve´n conductance in the flux rope.
The expansion of the flux rope corresponds to the source of current or voltage. They
constitute a closed circuit.
We apply the Alfve´n wing theory to the Alfve´n wave current system generated by the
flux rope expansion. Of course, an Alfve´n wing is not generated in the system we are
considering. However, a similar current circuit as in the Alfve´n wing system is generated
in this system. To apply the Alfve´n wing theory, we examine the dependence of J on y
by combining the self-similar flux rope expansion model.
In the expanding flux rope, the electric field in the axial direction is generated by the
radial expansion. The electric field is given by | − v × B|z = |vrBθ| ∼ y−2 for the 3D
expansion and ∼ y−1 for the 2D expansion, respectively. As ΣA has the form ∼ ρ1/2B−1θ ,
ΣA ∼ y1/2 for 3D expansions, and ΣA ∼ y0 for 2D expansions (no dependence on y).
Therefore, in the Alfve´nic case, Equation (31) leads to
J ∼ y−1/2, (33)
for 3D expansions, and
J ∼ y0, (34)
for 2D expansions. Note that a ∼ vry. When ΣI is assumed constant, Equation (32) in
the diffusive case leads to
J ∼ y−1, (35)
for 3D expansions and
J ∼ y0, (36)
8for 2D expansions.
Because J must agree with the current maintaining the magnetic field of the flux rope,
J =
2pi
µ
∫ a
0
∂Bθ
∂r
rdr, (37)
the dependence of J on y is given by
J ∼ y−1, (38)
for 3D expansions, and
J ∼ y0, (39)
for 2D expansions.
We compare Equations (38) and (39) with Equations (33) – (36). For 3D diffusive
cases, the dependences on y in Equations (35) and (38) agree; for 2D diffusive cases,
Equations (36) and (39) agree. These agreements show that closure is attained between
the current flowing in the flux rope and the real current flowing in the connected region.
Hence, diffusion (ΣI) is necessary in the connected region. In this diffusive expansion,
both 3D and 2D expansions are possible. However, the 3D diffusive expansion is more
applicable because the expansion continues when γ is larger than 1.
In addition, dependences on y in Equations (34) and (39) also agree for the 2D Alfve´nic
case. In this case, the current flowing in the flux rope closes with that carried by the Alfve´n
waves. Table 1 shows the possible combinations for these expansions.
3 Discussion
To summarize the previous section, the 3D diffusive expansion and the 2D diffusive expan-
sion are possible when ΣI  ΣA. A possible alternative case is the 2D Alfve´nic expansion
when ΣI  ΣA.
Two-step solar filament eruptions may be interpreted as a transition from one expan-
sion to another. Sometimes the filament eruption decelerates and stops at some height in
the corona. After several hours the filament rises again and forms a CME (Byrne et al.,
2014; Gosain et al., 2016; Chanda et al., 2017). One of the attractive models of filament
eruptions is the catastrophes in the system equilibrium. Van Tend and Kuperus (1978)
showed that the equilibrium of a linear electric current in the coronal magnetic field is
unstable depending on spatial properties of the coronal field. Priest and Forbes (1990)
analyzed in detail the equilibrium and dynamics of a straight flux tube in a background
magnetic field of a horizontal dipole located below the conductive surface (photosphere).
They showed that a loss of equilibrium in the system causes an eruption of the filament
(Schmieder et al., 2015; Filippov, 2018).
Here, we apply our flux rope expansion model to the two-step filament eruptions.
When the flux rope starts to expand, Alfve´n waves are generated carrying an electric
current. The expansion is Alfve´nic because the Lundquist number ΣI/ΣA = µVAΣI is
much larger than 1. Even in weakly ionized regions such as the photosphere and the
chromosphere, the Lundquist number is larger than 104. In Alfve´nic expansions, only the
92D expansion is possible, and because it does not involve an axial expansion, the ascension
of the flux rope is relatively small. Moreover, the 2D expansion does not continue when
γ is larger than 1, and hence the expansion stops at some level.
After the launch of a CME, the flux rope propagates in interplanetary space. As
ΣI/ΣA  1, diffusive expansion occurs. Note that ΣI is for the connected region in or
very close to the Sun and ΣA is for the flux rope in interplanetary space. Because an
axial expansion accompanies a 3D expansion, the flux rope ascends rapidly. To trigger
the transition from a 2D Alfve´nic expansion to a 3D diffusive expansion, there should be
some processes to reduce ΣI in the connected region. For example, reconnection in the
connected region and a change in the current circuit may trigger a transition.
If this process works, the initial 2D Alfve´nic expansion is a source of Alfve´n waves in the
solar atmosphere. There is much research showing that Alfve´n waves are responsible for
heating of the solar atmosphere (Osterbrock, 1961; Ionson, 1978; Hollweg, 1991; Sakurai
et al., 1991). Alfve´n or transverse mode MHD waves have been observed in the solar
photosphere, chromosphere, and corona in some detail using instruments onboard satellite
missions and ground-based solar telescopes (Aschwanden et al., 1999; Nakariakov et al.,
1999; Ofman and Wang 2008; McIntosh et al., 2011; Okamoto et al., 2015; Antolin et al.,
2015).
4 Summary
We included the electric current associated with the expanding magnetic flux rope and
considered the whole closed current system. By combining the theories of the self-similar
expansion of cylindrical flux ropes and the Alfve´n wave current system, we examined
those conditions for which the time dependence of the current flowing in the closed circuit
agrees with that of the current sustaining the expanding flux rope.
The results have shown that there are three possible expansions: 3D diffusive, 2D
diffusive, and 2D Alfve´nic expansions. The 3D and 2D diffusive expansions occur when
ΣI/ΣA  1. In this case, diffusion in the connected region is necessary for the flux rope
expansion. The remaining case is the 2D Alfve´nic expansion occurring when ΣI/ΣA  1.
The current flowing in the flux rope then closes with the current carried by the Alfve´n
waves.
The two-step solar filament eruptions may be interpreted as a transition from the 2D
Alfve´nic expansion to the 3D diffusive expansion. When the flux rope starts to expand,
Alfve´n waves are generated and carry the electric current. The 2D Alfve´nic expansion
occurs, because ΣI/ΣA  1. Because the 2D expansion does not involve an axial expan-
sion, the ascension of the flux rope is relatively small. In addition, the expansion does
not continue, because γ is larger than 1 and thus, stops at some level.
After the launch of a CME, the flux rope propagates in interplanetary space. Because
ΣI/ΣA  1, a 3D diffusive expansion should occur. Note that ΣI is for the connected
region in or very close to the Sun and ΣA is for the flux rope in interplanetary space.
Because an axial expansion accompanies the 3D expansion, the flux rope ascends rapidly.
To trigger the transition from a 2D Alfve´nic expansion to a 3D diffusive expansion, there
should be some processes to increase the diffusion in the connected region.
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Our interpretation of the two-step filament eruptions did not include considering the
stability of the flux rope in the background plasma and magnetic field. We also did not
include the curvature of the flux rope axis, the details of the electric current closure or
the Alfve´n wave propagation outside of the flux rope. We had restricted our attention
solely to self-similar expansions. However, this study is our first step with the new inter-
pretation. We intend next to study its consistency with respect to the theory of the loss
of equilibrium.
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Table 1: Possible combinations of the expansion and the dependence of J on y.
diffusive Alfve´nic
(ΣI/ΣA  1) (ΣI/ΣA  1)
3D 2D 3D 2D
y−1 y0 - y0
14
15
16
